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• Adiabatic, Packed-Bed, Plug-Flow Reactor
o Ammonia Synthesis

• Tubular Reactor with Counter-current Heat Exchange
o Acetone Cracking

Bootcamp 3 Outline

Python Bootcamps 1, 2 and 3
 1: Getting up to speed with Python
 2: Learning to use Python to solve typical problem scenarios
• 3: Detailed modeling of packed-bed and plug-flow reactors



Ordinary Differential Equation Models
Case Study 1
Modeling and Simulation of a Plug-flow, Packed-bed Reactor (PBR)

Ammonia Synthesis

World
Production
180 million
tonnes/yr

2
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Ordinary Differential Equation Models
Case Study 1
Modeling and Simulation of a Plug-flow, Packed-bed Reactor (PBR)

Ammonia Synthesis

Reaction kinetics for main reaction 2 2 3
1 3N H NH
2 2

 

Forward reaction:

f

f 0 f

E
R Tk k e

   0 f f3 2

kmol 1 kJk 10,000 E 91,000
m s atm kmol

  

Reverse reaction:

r

r 0r

E
R Tk k e

   10
0r r3

kmol 1 kJk 1.3 10 E 141,000
m s atm kmol

   

N 22

1 2 3 2
f f Hr k p p  

3r r NHr k p 
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Ordinary Differential Equation Models
Modeling and Simulation of a Plug-flow, Packed-bed Reactor (PBR)

Ammonia Synthesis

RL

RD
Reactor

Feed
Reactor
Outlet

Differential Mole Balance on N2

   2
f r

d FlowN
r r

dV
   

Note: rdV A dz 
2
r

r
DA
4



Stoichiometric Balances on H2 and NH3

2

2

FeedN
FeedH

(kmol/h)

r r rV A L 

 
 
 

2 r

2 r

3 r

FlowN V

FlowH V

FlowNH V

(kmol/h)

 2 2 2 2FlowH FeedH 3 FeedN FlowN   

 3 2 2FlowNH 2 FeedN FlowN  

is differential volume of empty reactordV
 is the void fraction of the packed bed
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Ordinary Differential Equation Models
Modeling and Simulation of a Plug-flow, Packed-bed Reactor (PBR)

Ammonia Synthesis

Energy Balance

 i i
i

d Flow H T 0
dV

   
 


    f r rxn

i Pi
i

r r H T ,PdT
dV Flow C

    


  
 


   
ref ref

T P

i Pi fiT P
P

VH T ,P C T dT V T dP H
T

         
 

with constant heat capacity
approximation

     
ref

T

Pi Pi refT
C T dT C T T T  

ref

P

P
P

VV T dP
T

       


from eqn of state, analytically, or
from P-V-T data. or using the
Generalized Pitzer Correlation

pressure effect
on enthalpy
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Ordinary Differential Equation Models
Modeling and Simulation of a Plug-flow, Packed-bed Reactor (PBR)

Ammonia Synthesis
Pressure Drop – the Ergun equation for packed beds

  3
0 L P

2
0 P 0

P P D 1 7150
G L 1 D G 4

  
 

                        

written in terms of
dimensionless groups

0P : upstream pressure

LP : downstream pressure at L
: fluid density

0G : mass flux

PD : effective particle diameter
: packing void fraction
: fluid viscosity

0G : mass flow rate per unit cross-sectional area
of empty bed -- constant with V

2
0

3
r P 0 P

GdP 1 1 7 1150
dV A D G 4 D

 
  

                   

Differential form:
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Ordinary Differential Equation Models
Modeling and Simulation of a Plug-flow, Packed-bed Reactor (PBR)

Ammonia Synthesis
Pressure Drop – the Ergun equation for packed beds

Fluid Density
3MW kg mMW : avg molecular weight, V: specific volume, 

kmol kmolV
  



from Peng-Robinson Equation of State

   
m

m m m m

aRTP
V b V V b b V b

 
      

V

m ma ,b : mixture coefficients

Solve nonlinear,
cubic equation for V

Ideal gas law approximation:
MW P

RT
 
 20% high at 150 atm
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Ordinary Differential Equation Models
Modeling and Simulation of a Plug-flow, Packed-bed Reactor (PBR)

Ammonia Synthesis
Peng-Robinson EOS Mixture Coefficients

Coefficients for individual components
2

2 2
20 45724 1 1 0 37464 1 54226 0 26992c

i i i i i
c c

R T Ta . m m . . .
P T

 
  

           

0 07780 c
i

c

RTb .
P



Mixture coefficients

 

12 1 2 1 1

12 1 2 13 2 3

1 1

1 1 1 1

0
0

1

0

n n

n ,n n n

n n n ,n n n

k a a k a a
k a a k a a

k a a
k a a k a a

 

 

 
 
     
 
 
 

Q a a K




  


1

n

m i i
i

b x b


   x b

ma   x Q x

 : item-by-item array multiplication

:x mole fractions

Units: K, kPa, kmol, kJ, m3

i : acentric factor for component i
ijk :binary interactor factors
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Ordinary Differential Equation Models
Modeling and Simulation of a Plug-flow, Packed-bed Reactor (PBR)

Ammonia Synthesis – Simplified Model Information Diagram

2FlowN

T

   2
f r

d FlowN
r r

dV
   

    f r rxn

i Pi
i

r r H T ,PdT
dV Flow C

    


  
 


[constant heat capacity and pressure]

 2 2 2 2FlowH FeedH 3 FeedN FlowN   

 3 2 2FlowNH 2 FeedN FlowN  

N 22

1 2 3 2
f f Hr k p p  

f

f 0 f

E
R Tk k e

  

2 2 3

4

TotalFlow FlowN FlowH FlowNH
FlowAr FlowCH
  

 

3r r NHr k p 
r

r 0r

E
R Tk k e

  

3

3
NH

FlowNHp P
TotalFlow

 

2

2
H

FlowHp P
TotalFlow

 

2

2
N

FlowNp P
TotalFlow

 
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Ordinary Differential Equation Models
Modeling and Simulation of a Plug-flow, Packed-bed Reactor (PBR)

Ammonia Synthesis – Simplified Model
Header and basic data

Ammonia.py
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Ordinary Differential Equation Models
Modeling and Simulation of a Plug-flow, Packed-bed Reactor (PBR)

Ammonia Synthesis – Simplified Model

Solve differential equations
and
unpack the results
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Ordinary Differential Equation Models
Modeling and Simulation of a Plug-flow, Packed-bed Reactor (PBR)

Ammonia Synthesis – Simplified Model 
Create plots and display exit temperature and conversion
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Ordinary Differential Equation Models
Modeling and Simulation of a Plug-flow, Packed-bed Reactor (PBR)

Ammonia Synthesis – Simplified Model

Function to compute derivatives
of N2 and temperature

PBRsimplified.py
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Ordinary Differential Equation Models
Modeling and Simulation of a Plug-flow, Packed-bed Reactor (PBR)

Ammonia Synthesis – Simplified Model

Supporting functions for heat capacity and heat of reaction

HtRxnFn.pyHtCapFn.py



Ordinary Differential Equation Models
Ammonia Synthesis – Simplified Model

Heat Capacity Function Test

TestHtCap.py

15



Ordinary Differential Equation Models
Ammonia Synthesis – Simplified Model

Heat of Reaction Function Test

TestHtRxn.py

16
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Ordinary Differential Equation Models
Modeling and Simulation of a Plug-flow, Packed-bed Reactor (PBR)

Ammonia Synthesis – Simplified Model

Results
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Ordinary Differential Equation Models
Modeling and Simulation of a Plug-flow, Packed-bed Reactor (PBR)

Ammonia Synthesis – Simplified Model
Results
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Full Model
Information
Flow
Diagram

Ammonia
Synthesis

Modeling
and
Simulation
of a PBR

Ordinary Differential Equation Models
2FlowN

T

   2
f r

d FlowN
r r

dV
   

    0 i Pi ref fiH F C T T T H    

 2 2 2 2FlowH FeedH 3 FeedN FlowN   

 3 2 2FlowNH 2 FeedN FlowN  

N 22

1 2 3 2
f f Hr k p p  

f

f 0 f

E
R Tk k e

  

2 2 3

4

TotalFlow FlowN FlowH FlowNH
FeedAr FeedCH
  

 

3r r NHr k p 
r

r 0r

E
R Tk k e

  

3

3
NH

FlowNHp P
TotalFlow

 

2

2
H

FlowHp P
TotalFlow

 

2

2
N

FlowNp P
TotalFlow

 

P   2
0

3
0

150 11 7 1
4r p p

GdP
dV A D G D

  
 

   
            

MW
V

  

2 2 3 42 2 3 4N H NH Ar CHFlowN MW FlowH MW FlowNH MW FeedAr MW FeedCH MW
MW

TotalFlow
        



 
2 22

a TRTP
V b V bV b

 
    

V

   



Ordinary Differential Equation Models
Numerical Technique to Solve the Implicit Relationships

Newton's Method to solve f(x) = 0

   1 /k k k kx x f x f x  

An iterative method with a starting estimate x0.

Convergence when 1

1

k k

k

x x tol
x







    0 0i Pi ref fiH F C T T T H     

 
2 2 0
2
a TRTP

V b V bV b
  

    

f(x)

x0

x1
0

   1 0 0 0/x x f x f x 

20



When f'(x) is difficult or impossible to derive analytically:

     f x f x
f x




 
 

Modified Secant Method is then

      1 /k k k k kx x f x f x f x     

The Modified Secant method based on Newton's method

Ordinary Differential Equation Models
Numerical Technique to Solve the Implicit Relationships

 : a small deviation, e.g., 1.e-7*x

If the method diverges, it is also possible to include a decelerator factor (0 < decel < 1):

      1 /k k k k kx x decel f x f x f x      

21
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Ordinary Differential Equation Models
Modeling and Simulation of a Plug-flow, Packed-bed Reactor (PBR)

Ammonia Synthesis – Full Model
AmmoniaFull.py



23

Ordinary Differential Equation Models
Modeling and Simulation of a Plug-flow, Packed-bed Reactor (PBR)

Ammonia Synthesis – Full Model



24

Ordinary Differential Equation Models
Modeling and Simulation of a Plug-flow, Packed-bed Reactor (PBR)

Ammonia Synthesis – Full Model
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Ordinary Differential Equation Models
Modeling and Simulation of a Plug-flow, Packed-bed Reactor (PBR)

Ammonia Synthesis – Full Model
PBRFullFn.py
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Ordinary Differential Equation Models
Modeling and Simulation of a Plug-flow, Packed-bed Reactor (PBR)

Ammonia Synthesis – Full Model
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Ordinary Differential Equation Models
Modeling and Simulation of a Plug-flow, Packed-bed Reactor (PBR)

Ammonia Synthesis – Full Model
FindTFn.py

Modified Secant
method
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Ordinary Differential Equation Models
Modeling and Simulation of a Plug-flow, Packed-bed Reactor (PBR)

Ammonia Synthesis – Full Model
HtCapFn.py
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Ordinary Differential Equation Models
Modeling and Simulation of a Plug-flow, Packed-bed Reactor (PBR)

Ammonia Synthesis – Full Model
SpecVolFn.py

Modified Secant
method
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Ordinary Differential Equation Models
Modeling and Simulation of a Plug-flow, Packed-bed Reactor (PBR)

Ammonia Synthesis – Full Model
HtRxnPFn.py
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Ordinary Differential Equation Models
Modeling and Simulation of a Plug-flow, Packed-bed Reactor (PBR)

Ammonia Synthesis – Full Model
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Ordinary Differential Equation Models
Modeling and Simulation of a Plug-flow, Packed-bed Reactor (PBR)

Ammonia Synthesis – Full Model

compared to simplified
model results



Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene

adapted from
Fogler, H. Scott, Elements of Chemical Reaction Engineering, 4th Edition, Prentice-Hall, 2006, p. 504.

3 3 2 4CH COCH CH CO CH 

Feed: 7850 kg/hr
7.85 kg/hr per tube
0.135 kmol/hr

Reactor: 1000 1" Sch 40 tubes
Total volume:  2 m3

Tube ID:  26.7 mm
Tube length:  3.57 mInlet temperature: 1035 K

Inlet pressure:  162 kPa (1.6 atm)
Counter-current heat transfer
Air:    90 T/hr

Inlet temperature: 1250 K

Case Study 2

33

Assume ΔP  0



Tubular Reactor with Counter-current Heat Exchange
Case Study 2

34



Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene

Basic data:

A Ar k C     3422242 529ln k .
T

 

Ar : reaction rate of acetone, 3

kmol
hr m

AC : concentration of acetone, 
3

kmol
m

k : rate parameter, 1 hr

T : temperature, K

35



Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene

Basic data: Heat capacity

Acetone: 2 36 8132 278 6 156 28 34 76PAC . . Tk . Tk . Tk      

Ketene: 2 3 418 909 143 56 130 23 66 526 14 112PKC . . Tk . Tk . Tk . Tk        

Methane:  2 3
2

10 7030 108 48 42 522 5 8628 0 67857PMC . . Tk . Tk . Tk .
Tk

         

 
1000
T KkJ Tk

kmol K




 25 80 770rxn
kJH C ,

kmol
  

Heat of reaction

endothermic

         25rxn rxn A K MH T H C H T H T H T         

     1000
ref

Tk

i PiTk
H T C tk d tk   

 
     

1000ref ref

T Tk

PA PAT Tk
PA

ref ref

C T dT C tk d tk
C T

T T Tk Tk

 
  

 

 

36



Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene

Feed concentration:
 

 
33

162
0 018

8 314 1035
AF

kPan P kmolC .
V R T mkPa m. K

kmol K

   
  

  
Reactor balances:

 

    

A A F
A A A AF

T

K M AF A T A K M

a

A K M

A A PA ref fA

dF F Tr k C C C
dV F T
F F F F F F F F

dH UA T T
dV
H H H H

H F C T T T H ...

      

     

 

  

    



   



Air energy balance:

   

   

0

a
a

a a Pa ref

fa

dH UA T T
d V

H F C T T T

H

 


   






counter-current

Note:
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Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene – full model

A
A

dF r
dV

 

0
Ek k exp

R T
     

A F
A AF

T

F TC C
F T

  

 a
dH UA T T
dV

 


A Ar k C 

K M AF AF F F F   T A K MF F F F  

    A PA ref fAH F C T T T H ...     

 a
a

dH UA T T
dV

  


   a a Pa refH F C T T T   

AF

H

aH

T

TF

aT

K MF ,F

k

ACAr

Information Flow Diagram

Integrator

Nonlinear
algebra

38



Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene

Simplification of the enthalpy balance

 

 

 

 

 

a

i i i i
i i

i
i i A

i
Pi

i
A i i i Pi

i i rx i

A rx a

i Pi

dH UA T T
dV

d F H dF dHdH H F
dV dV dV dV
dF r r
dV
dH dTC assuming constant heat capacity
dV dV
dH dTr H FC
dV dV

H H : stoichiometric coefficients

r H UA T TdT
dV FC





 

 

  

   



  

 

  


  

 







   

 

a
a

a
a Pa

aa

a Pa

dH UA T T
d V
assuming constant heat capacity
and molar flow rate
dH dTF C
dV dV

UA T TdT
dV F C

 


  







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Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene - simplified model

A
A

dF r
dV

 

0
Ek k exp

R T
     

A F
A AF

T

F TC C
F T

  

   A rx a

i Pi

r H T UA T TdT
dV FC

  




A Ar k C 

K M AF AF F F F   T A K MF F F F  

 aa

a Pa

UA T TdT
dV F C




AF

T

aT

T

TFK MF ,F

k

AC

Ar

Information Flow Diagram

Integrator

40



Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene

Solution Strategy

Estimate final air temperature at v = 0

Solve model from v = 0 to v = Vr

Determine air temperature at v = Vr from solution

If air temperature at v = Vr meets spec              done!

Adjust final air temperature at v = 0

41



Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene
Simplified model

42

AcetonePFR_Simplified.py



Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene
Simplified model

43



Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene
Simplified model

44

HtRxnAcetoneFn.pyAcetonePFRsimplifiedFn.py



Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene
Simplified model

45



Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene
Simplified model

46

Air entry temperature
of 1250K not quite met



Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene
Simplified model – Solve two-point boundary value problem
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Solv2PBV.py



Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene
Simplified model – Solve two-point boundary value problem
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Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene
Simplified model – Solve two-point boundary value problem

SolvAcetoneFn.py
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Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene
Simplified model – Solve two-point boundary value problem - results
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Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene
Simplified model – Solve two-point boundary value problem - results

Air entry temperature
of 1250K now met
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Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene

Full model
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AcetonePFR_Full.py



Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene

Full model
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Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene
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Full model



Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene

Full model
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AcetonePFRFn.py



Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene

Full model
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findTFn.py



Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene
Full model
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CpFn.py



Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene
Results for estimate of exit air temperature
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Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene
Results for estimate of exit air temperature – 1117.7 K

Air entry temperature
of 1250K not quite met
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Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene
Solve the two-point boundary value problem – full model
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Solv2PBV_Full.py



Tubular Reactor with Counter-current Heat Exchange

61

Example: Vapor-phase cracking of acetone to ketene
Solve the two-point boundary value problem – full model



Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene
Solve the two-point boundary value problem – full model
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Tubular Reactor with Counter-current Heat Exchange
Solve the two-point boundary value problem – full model

SolvAcetoneFullFn.py



Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene
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Solve the two-point boundary value problem – full model



Tubular Reactor with Counter-current Heat Exchange
Example: Vapor-phase cracking of acetone to ketene
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Solve the two-point boundary value problem – full model

Air entry temperature
of 1250K now met
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Python Bootcamps 1, 2 and 3
 1: Getting up to speed with Python
 2: Learning to use Python to solve typical problem scenarios
 3: Detailed modeling of packed-bed and plug-flow reactors

Contact David.Clough@Colorado.edu for follow-up assistance.


